FIRST AND SECOND ORDER APPROXIMATIONS FOR A 
NONLINEAR WAVE EQUATION 



OANA POCOVNICU 

Abstract. We consider the following nonlinear wave equation: 

(NLW) idtv - \D\v = \v\^v, 

where D = —idx, both on R and T. 

In the case of K, we prove that if the initial condition is of order 0{e) and supported 
on positive frequencies only, then the corresponding solution can be approximated by the 
solution of the Szego equation. The Szego equation writes idtu = n+(|upu), where 11+ is 
the Szego projector onto non-negative frequencies, and is a completely integrable system. 

The approximation holds for a long time < t < log(jV)) , < a < 1/2. The 
proof is based on the renormalization group method, first introduced in the context of 
theoretical physics by Chen, Goldenfeld, and Oono. 

As a corollary, we give an example of solution of (NLW) on R whose high Sobolev 
norms inflate over the time, relatively to the norm of the initial condition. 

An analogous result of approximation was proved by Gerard and Grellier [10], in the 
case of T, using the theory of Birkhoff normal forms. We improve their result by finding the 
second order approximation with the help of an averaging method introduced by Temam 
and Wirosoetisno in |24j . We show that the effective dynamics will no longer be given by 
the Szego equation. 



1. Introduction 

One of the most important properties in the study of the nonhnear Schrodinger equations 
(NLS) is dispersion. It is often exhibited in the form of the Strichartz estimates of the 
corresponding hnear flow. In case of the cubic NLS: 

(1.1) idtu + Au= \u\^u, {t,x)eRxM, 

Burq, Gerard, and Tzvetkov [3] observed that the dispersive properties are strongly influ- 
enced by the geometry of the underlying manifold M. Taking this idea further, Gerard and 
Grellier [8] remarked that dispersion disappears completely when M is a sub-Riemannian 
manifold or when the Laplacian is replaced by the Grushin operator. In those cases, by 
conveniently decomposing the function u, we obtain that at least in the radial case, the 
Schrodinger equation is equivalent to the following system of transport equations: 

(1.2) i{dt ± (2m + l)d^)u^ = n^dupn), 

where 11^ are pseudo-differential orthogonal projectors. Therefore, studying the 
Schrodinger equation in a non-dispersive situation comes down to studying a system of 
the above type. 
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In this paper we consider the following nonlinear wave equation on M and T: 

{idtv — \D\v = \v\'^v, 
v{0) = vo 



(NLW) 



where D = —idx- It is indeed a nonlinear wave equation since by applying the operator 
idt + \D\ to both sides of the equation, we obtain: 

-dttv + Av = \v\\ + 2\v\^(\D\v) - v'^(\D\v) + \D\(\v\'^v). 



Equation (|NLWp was studied on T by Gerard and Grellier in |10| . 

We consider the Hardy spaces on the unit disc and upper upper-half plane: 

LliT) = {/ G L2(T); f{k) = if A: < 0}, 

" 2 /■m>\ r -P ^ r 2/ 



LiiR) = {/ e L^(M); supp/ C [0,oo)}, 



and the corresponding Sobolev spaces if^(T) = ^^^(T) n i7"(T) and H^{R) = Ll(M) n 



H'{R), s>0. 

The Szego projector onto the Hardy space of the unit disc is H_|_ : L^(T) — > -L+(T) 
defined by: 



oo 
k=0 

In the case of M, the Szego projector n_|. : L^(M) — )■ L^(]R) can be defined similarly by: 



fio, ife>o, 

0, if C < 



We also define n„ = I — n+, where / is the identity operator. Applying the projectors 
n_|_ and n_ and writing v = + v-, where f+ = n_|_(f ), and V- = Il-{v), we obtain that 
equation (INLWh is equivalent to the following system: 



(1.3) 



i{dtv+ + dxV+) = U+{\v\'^v) 
i{dtv^ - d^v^) = U^{\v\^v). 

Notice that this is a system of transport equations similar to the one obtained from the 
Schrodinger equation (|1.2p . We expect that the study of this system and therefore the study 
of the ()NLW|) equation help us understand better NLS in the case of lack of dispersion. 

The (|NLWp equation is a Hamiltonian evolution associated to the Hamiltonian 

E{v) = ^{\D\v,v) + ^\\v\\i„ 

with respect to the symplectic form uj{u, v) = Im J uvdx. Prom this structure, we obtain the 
formal conservation law of energy E{v{t)) = E{v{0)). The invariance under translations and 
under modulations provides two more conservation laws, Q{v(t)) = Q{v{0)) and M{v{t)) = 
M(t)(0)), where 

Q[v) = \\v\\\2 and M{v) = {Dv,v). 

The conservation of the mass and energy yields a uniform bound on the iJ^/^-norm of 
the solution of (jNLWp . Therefore it seems natural to study the well-posedness of (jNLWp 
in H^/"^. The following result from [10] states that indeed, the (|NLWP equation on T is 
globally well-posed in i?2(T). 
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Proposition 1.1 (|10|). The nonlinear wave equation (jNLWp is globally well-posed in 
H^T). Moreover, if vq G H%T) for some s> ^, then v G C(M;i?"). 

An analogous result holds for (jNLWp equation on M. 

In this paper we prove that the solution of the (jNLWp equation on R with an initial 
condition of order 0(e) and supported only on positive frequencies, can be approximated 
by the solution of a simpler equation with the same initial data. The approximation is of 
order O(e^) and holds for a long time. The approximate equation is the Szego equation, 
recently introduced by Gerard and Grellier: 

(1.4) idtu = U+{\u\'^u). 

This equation was studied in details on T in [SI [9] and on M in [22l [23]. It is globally 
well-posed in H^{T) and i?^(M) for s > 1/2. Its most remarkable property is that it is 
completely integrable, in the sense that it admits a Lax pair. In particular, it possesses an 

1/2 

infinite sequence of conservation laws, the strongest one being the H_^! -norm. 

The approximation result for the (jNLWp equation on M was motivated by a similar one 
proved by Gerard, Grellier [10] in the case of T. The case of M brings new difficulties 
related, as we see below, to low frequencies. Moreover, the method used in the case of T 
is the theory of Birkhoff normal forms. It seems difficult to use normal forms on M due to 
small divisors problems. Our result will be proved using the renormalization group method 
of Chen, Goldenfeld and Oono [H [5] coming from theoretical physics. 

The heuristic idea that motivated our result on M and the previous result on T in [10] is 
the following. Consider the (jNLWp equation with an initial condition vq such that vq = £Uq, 

1/2 

where uq € . Since we have conservation of the momentum and of the energy, it follows 
that 2E{v{t)) - M{v{t)) = 2E{vq) - D{vq). This yields: 

2{\D\v^{t),v^{t)) + ^11^(01114 = = 0{e'). 

Thus, ||w_(i)||^i/2(j-) = O(e^) for all t € M. Moreover, we have 

fc<-i fe<-i 

Then, ||f_(t)||j:^i/2C]r) = 0{e'^). Therefore, v^{t) is e^-small, while the solution v{t) is only 
e-small. It seems thus that the dynamics of (jNLWp is dominated by v+(t). We omit then 
all the terms containing V- in the nonlinearity of the first equation in (jl.3p . since they 
are supposed to be small. We obtain that u(t,x) = v+{t,x + t) almost satisfies the Szego 
equation 

idtu = n+(|npti). 

Hence, it is natural to expect that the Szego equation provides us with an approximation 
of the (jNLWp equation with a small initial condition supported on positive frequencies. 

In the case of M, the conservation of energy and momentum still gives ||f;_(t)||^i/2(]g) = 
O(e^), while we have that ||f(t)||//i/2(ig) = 0{e) for all i € M. However, we have no other 
information on the L^-norm of V-{t). This suggests that the low frequencies cause some 
new difficulty in proving that V- is small, and thus in proving that the flow of (jNLWp can 
be approximated by that of the Szego equation. 

In what follows we state a weaker version of the approximation result for the (jNLWp 
equation on T in pTOj. The original result holds for a slightly longer time < i < ^ log (^) 
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and without assuming any bound on the solution of the Szego equation. However, in the 
proof the authors use the complete integrability of the Szego equation, while in Section 3, 
we will prove this weaker version without using the complete integrability. 

Theorem 1.2 ( Gerard- Grellier [10]). Let < e 1, < a < 1/2, and 6 > sufficiently 
small. Let s > ^ and Wq € H^(T). Let v{t) be the solution of the (INLWp equation on T 

( idtv — \D\v = 
^ ■ ' [v{0) =Wo ■.= £Wo. 

1 /2 

Denote by W E CCR^H^ (T)) the solution of the Szego equation on T: 

UdtW = u+i\w\^w) 

^ ■ ^ \W(0) = Wo 

with the same initial data. Suppose that ||Vy(t)||_f/s < Ce^log(p-)^ for all t G M. 
Then, if < t < p-( log(p-) j , we have 

\\v{t) - e-'\^\'W{t)\\H^ < e=^-^»^ 

where Cq > is an absolute constant. 

In the second half of this paper we improve the above result on T. We find a second 
order approximate solution, given by an equation which is more complex than the Szego 
equation, but which provides a smaller error of order instead of e'^, in the approximation. 
For this purpose, we use the averaging method introduced by Temam and Wirosoetisno in 

m- 

In what follows we state and briefly comment the main results of the paper. 

1.1. Main results. First, in the case of R, we consider an initial condition for (|NLWp which 
is supported on positive frequencies only, is of order 0(e), and such that the corresponding 

solution of the Szego equation is bounded for all times by Ce^ log(^)^ , < a < 1/2. Then 

the solution of the (jNLWp equation with this initial condition stays e^-close to the solution 

/ \ l-2a 

of the Szego equation with the same initial condition, for times < t < t-I log(-j-) 



Theorem 1.3. Let < e ^ 1, s > ^, and Wq G Let v{t) be the solution of the 

(|NLWl) onM 



(1.7) 




\D\v = \v\'^v 
Wo = eWo. 



Denote by W C{M, H^(M)) the solution of the Szego equation on M 

UdtW = u+i\w\^w) 

^ ■ ' \W(0) = Wo 

with the same initial data. Assume that there exist < a < ^ and 6 > small enough such 
that \\W{t)\\Hs < Ce(log{\)Y for all t G M. 
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Then, if < t < p-(^log(^)j , we have that 

1/2 

where Cq > is an absolute constant and is a constant depending only on the (M)- 
norm of Wq . 

Notice that the approximation in Theorem 11.21 in [10] for the case of T, is better than 
the one in Theorem 11.31 for the case of M (e^ instead of e^). This is what we expected even 
from our heuristic argument above. We will see in the proof that the estimates we have in 
the case of M are worse than those for the case of T, due to low frequencies. 

Remark 1.4. Theorem 11.21 was proved in [10] using the theory of Birkhoff normal forms. 
This method seems to be difficult to adapt to the case of M. The method we use in this paper 
is the renormalization group method, coming from theoretical physics. The two methods 
are intimately related. In [25], it was noticed that, for a large class of autonomous ODEs, 
the nonlinearity which appears in the RG equation of order one is actually the Birkhoff 
normal form. This result was extended in [7] to order two, for the same class of autonomous 
ODEs, and to first order, for a class of non-autonomous ODEs. The advantage of the RG 
method over the normal form theory is that the secular terms are more readily identified 
by inspection of a naive perturbation expansion, than by inspection of the vector field. 

The purpose of the approximation Theorem 11.31 is to deduce some information on the 
(INLWp equation from the known results one has for the Szego equation. Some particularly 
interesting solutions of the Szego equation are those whose initial conditions are non-generic 
rational functions, for example Wq = — For such solutions, we proved in [23] the 

following result: 

Proposition 1.5 ([23]). Let s > 1/2. Let W G C(M,i7^(M)) be the solution of the Szego 
equation 

idtW = Ii+{\W\^W) 

with non-generic initial condition Wq = — -^^^ G H^(R). Then, for t large enough, 
there exist C, c > such that 

ct^'-^ < \\W{t)\\Hs < Ct'^'-\ 
In particular, \\W{t)\\H'> — > oo as t ^ oo. 

The following corollary proves that the high Sobolev norms of the (jNLWp equation with 
initial condition eWq = — t^tt grow relatively to the norm of the initial condition. 

Corollary 1.6. Let < e ^ 1, s > and 6 > sufficiently small. Let Wq G H'\,{W) be 
the non-generic rational function Wq = — Denote by v{t) be the solution of the 

(jNLWp equation on M 

{idtv — \D\v = \v'^v 
v{<d) = eWq. 

Then, for ^(\og{j,))~' < t < ^(log(^))^, we have that 
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A similar result is available for the case of T [TO] . 

The time on which the approximation in Theorem 11.31 is available, t < p-(log(^) j , 
does not allow us to prove the existence of a time such that ||_f/s(R) ~^ co as e — )• 0. 

For that to happen, we would need an approximation at least up to a time of order ^^tf 
where /3 > 0. 

In the case of T, we find the second order approximation, that is an approximation with 
an error of order instead of . We notice that the effective dynamics are no longer given 
by the Szego equation. 

Theorem 1.7. Lei < e <C 1, s > ^, < a < ^, and 6 > small enough. Let Wq G H^{T) 
be such that the solution of the Szego equation (|1.4p with initial condition eWq is uniformly 

bounded by e^log(^)^ for all t € M. Denote by v{t) the solution of the (INLWp equation 

on T 

{idtv — \D\v = \v\'^v 
v{<d) = Wo = eWo. 

Consider W € C(IR, //^(T)) to be the solution of the following equation on T: 



(1.9) 



idtW = ndwpw) - n+(|>v|2-in_(|>v|2>v)) - in+(>v2-^n_(|w|2>v)) 

>V(0) = Wo. 



with the same initial condition. 
For a function h € H^iT), set 



f^,^{h, t) = e*l^l*(|e-*l^l*/i|2e-^'^l*/i) - — / e*l^l^(|e-^l^l^/i|2e-^l^l^/i)dT. 

27r Jo 

Denote by Fosc{h,t) the unique function of mean zero in t such that ^^^{h,t) = fosc{h,t). 
Consider 

v.pp{t) = e-^l^l*(W(i) +Fosc(W(t),t)). 
Then, if < t < ^( log(^)j , we have 

\\v{t)-v,pp{t)\\H^ <e^~^"\ 

where Cq > is an absolute constant. 

The above result cannot be directly extended to the case of M. The main reason is 
that in equation ()1.9p we see appear the operator -^n_. In the case of T, we have that 
■^n_e*'^^ = ■|lfc<_i and thus there is no problem related to small divisors. However, in the 
case of M, if we pass into the Fourier space, we have |l5<o and when ^ approaches zero, 
this gives a singularity. A way to get around this singularity would be to consider instead 
of resonances, i.e. frequencies for which a certain phase is null (j) = 0, almost resonances 
101 ^ 7; for an optimal 7 > 0. However, it seems that this would complicate significantly 
the dynamics (|1.9p . 

In order to prove Theorem 11.71 we use an averaging method introduced by Temam and 
Wirosoetisno in |24j . 

We briefly describe in what follows the renormalization method, the averaging method, 
the concept of resonance, and their usage in the literature. 
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1.2. The renormalization group method, the averaging method, and the con- 
cept of resonance. The renormalization group (RG) method was introduced by Chen, 
Goldenfeld, and Oono [U [5] in the context of theoretical physics, as a unified tool for 
asymptotic analysis. Its origin goes back to perturbative quantum field theory. 

The method is most often used to find a long-time approximate solution to a perturbed 
equation. The main advantage of the RG method is that it provides an algorithm that can 
be easily apphed to many equations. The starting point is a naive perturbation expansion, 
so that one does not need to guess or to make ad hoc assumptions about the structure of the 
perturbation series. Then, the divergent terms in the expansion(unbounded in time), are 
removed by renormahzation. This leads to introducing the renormalization group equation. 
The solution of the RG equation is the main part of an approximate solution. 

The effectiveness of the RG method was illustrated in a variety of examples of ordinary 
differential equations traditionally analyzed using disparate methods, including the method 
of multiple scales, boundary layer theory, the WKBJ method, the Poincare-Lindstedt 
method, and the method of averaging. 

The method was justified mathematically for a large class of ODEs in [251 E]- It was also 
rigorously applied to some PDEs on bounded intervals, namely the Navier-Stokes equations 
|18j . a slightly compressible fluid equation and the Swift-Hohenberg equation [19], and the 
primitive equations of the atmosphere and the ocean [21]. In [1] it was applied to the 
quadratic nonlinear Schrodinger equation on M^. 

The idea behind the RG method is that the dynamics of an equation is dominated by its 
resonant part. This idea is also used by Colliander, Keel, Staffilani, Takaoka, and Tao in 
[6] to prove the existence of solutions for the cubic non-linear Schrodinger equation on 
with arbitrarily large high Sobolev norms. They consider a reduced resonant equation for 
which they prove growth of high Sobolev norms, and then show that this resonant equation 
provides a good approximation for the initial one. 

The averaging method we use in this paper was introduced by Temam and Wirosoetisno 
in [23] in the context of a class of differential equations. At first order it is related to the 
RG method, while at higher orders it is related to the asymptotic expansions of Bogolyubov 
and Mitropol'skh [2]. 

The RG method can also be applied at higher orders, as it was done for ODEs in [7]. In 
the case of the (INLWh equation on T, we could prove that at second order the RG equation 
is exactly the averaged equation (II. 9p in Theorem 11.71 However, the computations one 
needs to do when applying the RG method at second order are much more tedious than 
when applying the averaging method. Another reason why we preferred to present the 
averaging method for the second order approximation, is that this method does not only 
give the effective dynamics (|1.9p , but also gives an algorithm of how to build an approximate 
solution and how to estimate the error, which is not clear when one applies the RG method 
at higher orders. 

Both the RG and the averaging methods are based on the concept of decomposing the 
nonlinearity into its resonant and non-resonant parts. Such a decomposition was very 
effective in proving global existence of small solutions of dispersive equations and scattering. 
This was done in several works of Germain, Masmoudi, and Shatah |1 H 112 1 fl^ l 114 1 ff5 | 120]. 
who treated the case of the gravity water waves equation in dimension 3, the coupled 
Klein-Gordon equations with different speeds, and the quadratic nonlinear Schrodinger 
equation in dimension 2 and 3. Gustafson, Nakanishi, and Tsai treated the case of the 
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Gross-Pitaevskii equation in dimension 3 in [16]. They use time, space, and space-time 
resonances, whereas in this paper we only consider time resonances. 

The specificity of the ()NLWP equation is that the resonant set does not have measure 
zero, as it was the case in the above cited papers. For this reason it is natural not to 
expect scattering, but a long-time approximation of the solution by some effective dynamics 
governed by the effect of the resonant part of the non-linearity. The decomposition in 
resonant and non-resonant part, was used in [1], precisely in this purpose in the case of the 
quadratic Schrodinger equation in dimension 3. 

The structure of the paper is as follows. In the rest of the introduction, we heuristically 
explain the need of splitting the nonlinearity into its resonant and oscillatory part, which 
is at the basis of both the RG and averaging method. In Section 2, we present the RG 
method and use it to prove Theorem II. 3 1 dealing with the first order approximation in the 
case of M. We also prove Corollary 11.61 which refers to high Sobolev norm inflation in the 
case of non-generic initial data. To have a good comparison between the case of M and 
that of T, and for a better understanding of the second order approximation in the case of 
T, in Section 3 we re-prove Theorem 11.21 from jlOj using the RG method. In Section 4, we 
present the averaging method at second order and use it to prove Theorem 1 1 . 71 treating the 
second order approximation in the case of T. 

I. 3. Heuristics of the proof of Theorem 11.31 The first approach to proving Theorem 

II. 3l is the following one. Consider the change of variables u{t) = ie*l'^l*f (i). Then u satisfies 
the equation: 



(1.10) 



idtu = -ie^e'\^\\\e-'\^K\^e-'\^K) 
\n(0) = Wo. 

Let us now set W{t) := Then W{t) satisfies 

(idtW = em+{\W\^W) 
^ ■ ^ \w{0) = Wq. 

Then, setting w{t) = u{t) — W{t), we have 

- e"^l^l*W||//. =e\\e~'\^\*{u{t)-W{t))\\H^ = e\\w{t)\\H^ . 

We have that w satisfies the equation 

(dtw = -ie2e*l^l*(|e-^l^l*n|2e-^l^l*tx) + ie^U+{\W\'^W) 
\w{0) = 0. 

Therefore, 

The classical technique of estimating w{t) consists in writing the right-hand side in such 
a way that we see w{t) appear under the integral, and then use Gronwall's inequality. 
However, w{t) = u{t) — W{t), and in the above relation the only term in which u appears 
is f{u,T) := — ie*l^l'^(|e~*l^l'^npe~*l^l'^n). It is thus natural to decompose the term f{u,T) 
into a part which does not explicitly depend on r called the resonant part, frcsiu), and a 
part which depends on r called the oscillatory part, fosc{u,T). Then, /rcs('u) — n+(|14^pl4^) 
provides us with a term w = u — W . 
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Since we have more information on W{t), which can be transformed with a simple 
change of variables into the solution of the Szego equation (jl.4p , it may be more convenient 
to decompose /(VF,r) = — ze*l-^l'^(|e~*l^l'^Wpe~*l-^l'^VF). It turns out that its resonant part 
is exactly — in+(|VFpVF) and thus 

f{W{T),T) = -iU+{\W{T)\^W{T)) + fosc{W{T),T). 

Therefore, 

w{t) = 1^ (/(^(r), r) - /(VF(r), r)) dr + /osc ( W^(r), r)dr 

The first term will indeed yield w = u — W , and we are left with estimating the integral of 
the oscillatory part fosciW{T),T). Since it depends on r both explicitly and implicitly, it 
turns out that it can be difficult to estimate its integral. For that reason we consider in the 
following Fosc{W{t),t) = Jq fosc{W{t),T)dT, where the integrand depends only explicitly 
on T. We construct an ansatz using FosdW, t) and we prove that with this ansatz, the error 
is indeed small. 

2. First order approximation for the (jNLWp equation on M 

2.1. The renormalization group method at order one. In what follows we describe 
the RG method of first order in the case of the ()NLWp equation on M. 

In the (jNLWp equation, we make the change of variables u{t) = ie'l^l*t;(t) and set 
e := e^. Then u satisfies the equation: 



(2.1) 




-iee^l^l*(|e-^l^l*u|2e-*l^l*n) =: if{u,t) 
1, 



-vq =: uq. 

The starting point of the RG method is the naive perturbation expansion 
u{t) = (t) + etx(i) (t) + £2^(2) (t) + . . . 
Taylor-expanding f{u,t) around u^'^\ we obtain 
f{u,t) = + f'{u^^\t){u{t) - + • • • = f{u^'\t) + ef'{u^'\t)uW(t) + ... 

Plugging the last two expansions into the equation (|2.ip and identifying the coefficients 
according to the powers of £, we obtain: 

fa^txW = 



(2.2) 



Therefore, u^^^ (t) = uq for all i € M, and using Duhamel's formula we have 



Here we assumed that ^(^^(0) = 0. As it was shown in [25], this assumption does not cause 
a loss of generality for an approximation of order e. Thus, if we look for an approximation 
of the solution up to order 0(e) and neglect any terms O(e^), we have 

(2.3) u{t) = uo + eu'^'^Ht) + 0{e^) = uo + e [ f{uo,s)ds + 0{e'^). 
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Now we decompose the nonlinearity f{u,t) into its resonant and non-resonant part. In 
order to do that, we first write the nonhnearity in the Fourier space: 



Jr 

M Jm. 

ei^(l«|-|CI+|r,-5|-lr,-CI)^(^ _ Qu(Q^r] - OdQdri. 
Setting r/, C,) := |^| — |("| + \r] — (, \ — \r] — (\, we can write 

(2.4) f{u, s) = frcs{u) + fosc{u, s), 

where 

(2.5) fresiu) = -iT^^ [ [ u{v- OHOHV - OdCdv, 

J 7{0=O} 

/osc(^^, s) = -iT-^ [ [ e-(l?l-ICI+l'?-?l-l'?-CI)n(r? - OHCMv " OdCdv- 
J J {4,^0} 

As it will be proved in Lemma [2. II in the next section, for fixed ^, the set {(p{^,, r/, C) = 0} C 
M? has non-zero Lebesgue measure, and thus it makes sense to integrate on this set. More 
precisely, {(/>(^, r], () = 0} is the set of [r], () € such that C^V ~ C^V ~ C have the same 
sign as or (" = or — C = ^• 

Plugging the decomposition (j2.4|) into the equation (j2.3p . we obtain 

u{t) =uo + etf,cs{uo) + e /osc(mo, s)ds + O(e^). 

Jo 

We notice that the resonant part of the non-linearity, which is constant in time, causes the 
appearance of the secular term etfres{uo)- This term will grow with time and will cause the 
approximation to break down as time approaches i. The purpose of the renormalization 
group method consists in re-normalizing the secular term. By doing that, its main contri- 
bution is taken into account in such a way that the approximation of u stays valid at least 
up to a time of order i . The idea behind the renormalization group method is to regard the 
term uq + ei/res('"o) as being the Taylor expansion of order one of a function W{t) around 
t = 0. Then, one introduces the renormalization group equation: 

(dtW = efres{W) 

\wiO)=uo 
An approximation of order 0(e) of u{t) is then 

uit) = W{t) + eFosc{Wit),t), 

^ 1 
where we set Fosc{h,t) := Jq /osc(^5 s)ds for all h G H^. 

2.2. Approximate solution for the (jNLWp equation on R. In this section we construct 
an approximate solution based on the solution of the RG equation. We first determine the 
resonant part of the non-linearity /res- For that purpose we fix ^ € M, and determine the 
area in the (C, ?7)-plane in which 0(^, r], (") vanishes. 



(2.6) 
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Let US first make the following notations: 

6 = ^, 6 = C, 6 = - ^4 = V-C- 

Notice that — + — £,4 = 0. Then, (^(^, r],() = is equivalent to 

I'^il — + 1^3 1 — 1^4 1 = 0. We have the following lemma, whose proof follows its analogue 

in the case of T [101 ■ 



Lemma 2.1. The set 0/ (^1, ,^2, Cs, C4) G such that Ci "6 + 6 -■?4 = and - \£,2\ + 

1^31-1^41=0, is 

M ■.={(^1,^2,^3,^) e / ^2,6 / e4|6,e2,e3,e4 > o} 
u{(6,6,6,C4) GM^el /6,ei /^4|ei,6,6,C4<o} 

u{(6,6,6,6) eM^}u{(ei,e2,e2,ei) eM^}. 

Coming back to the notations in ^, rj, and we have that i], = in the following 
cases: 

If e > and (7?,C) G {(??,C) G I^'l?? > ^, > C > 0} U {C = U {?? - C = O 

If e < and (7?,C) G {(7?,C) G R^\7] < ^, r? < C < 0} U {C = U {?? - C = O 

Since, for fixed G M, the sets {C = £,} and — C = are of measure zero in the r])- 
plane, they do not interfere in the integration in equation ()2.5p . and thus we can neglect 
them. We are therefore left with the following two terms of J-'(/i.cs(u)) : 
1. The case ?>0, C>0, ??-C>0, ??-C>0: 



«lc>o J J uiv - OHOuiv - 0'^(>o'i-r,-<:>o'^v-i>odCdv 

-il/ryo / / u+{ii - C)u+{Ou+{v - OdCdv = -^J^{'n+{\u+fu+)){^)l^yo■ 



2. The case ^<0, C<0, r?-C<0, t?-^<0: 

-iU<o j j Hv - OuiC)u{v - OU<o'^v-(:<o'^v-C<odCdr] 

= -l5<oi J J n_(??-C)n-(C)^-(7?-eKd^ = -^-^(n_(|n_|\_))(Oi5<o. 

Thus, the resonant part of the nonlinear ity is 

(2.7) Aes(n) = -f (n+dn+lV) + n_(|n_|2n_)) 

Let Wq G H^(E.), s > 1/2. We consider the renormalization group equation: 

(2 8) 1^*^ = ^Vrcs(VF) 

^ ■ ' \w{0) = Wo 

Projecting onto non- negative and negative frequencies, we obtain two equations, one for 
W+ := Il+{W) and one for W- := U_(W). Notice first that, since Wq G HUR), we have 
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that Wo,_ = and Wo,+ = Wq. Then, the equations we obtain are: 

UdtW+ = e^U+{\W+\^W+) 
\w+iO) = Wo 

and 

jidtW^ = e^U^{\W-\^W-) 

yw^{o) = 0. 

By the Cauchy-Lipschitz theorem, we have that W- (t) = for all t G M, and thus W = 
We construct an approximate solution by 

(2.9) txapp(i) = W{t)+e^Fosc{W{t),t). 



idtu^pp = e^f{W{t),t) + e^DwFosc{W{t),t) ■ fresiW{t)) 



[L) = vv yi) -r 

Then, Wapp satisfies the equation 
(2.10) 

By the Duhamel formula, we obtain that 

(2.11) u^pp{t) = Wo + e^ [ /(napp(s))o!s+ / Re{s,W{s))ds, 

Jo Jo 

where 

Re{W{t),t) = £^(^f{W{t)) - f{u^pp{t))^ + e^DwF,,,{W{t),t) ■ frUW{t)). 

2.3. Estimates for the oscillatory part of the nonlinearity in the case of M. 

Lemma 2.2. Let s > 1. Let W e C(R,Hl{R)) be such that W = eW is the solution of 
the Szego equation (jl.Sp with initial data Wq = eWq. Then, we have that 

1 1 -^osc iW,t)\\H^ <C^t^/'^ + C\\WfHs, 

\\DwFo.c{W{t),t) ■ f,,,{W{t))\\Hs < at^/^ + C\\WfHs, 
where C > is an absolute constant and > Q is a constant depending only on the 
H]['^{R)-norm o/Wq. 

Proof. Since W € -L^(M) and using Lemma |2.H we have that 
fZ{W{t),s,0 

^is<t>{^,v,Ow{t, r? - C)W{t, C)^{t, V - Oh~C>ok>oh~i;>odvdC 

4>^o 

= -a5<o j I e'''^^^^^''^^W{t, rj - C)W{t, CWit, 77 - e)l,>clc>o'^'?^C- 

Then, 

rt 



F^c{Wit),t,0= [ fZ{W{t),s,Od. 
Jo 





e«*0(€.^'C) — 1 ^ 



= -il^^o J J W{t, 7? - C)W{t, C)W{t, ri - Oh,>clc>odvdC. 

Notice that in the region ^ < and {(t?, C) G > C ^ 0}, we have that 

<P{(, v,C) = \^\-\C\ + \v-^\-\v-C\ = -C-C + v-^-v + C = -2e 



FIRST AND SECOND ORDER APPROXIMATIONS 13 

Then, 

(2.12) Fosc{W{t),t, i) = 7-(|VF|2VF)(Ol5<o. 

2? 

We now compute the L^-norm of -Fosc(W^(i)) i), using Parseval's identity: 



oo 



J —oo ^ 



1 /2 

The last inequahty is due to the conservation of the -norm by the flow of the Szego 
equation. Therefore, 

||Fosc(M^(t),t)||L2(R) < at'/' for all t G M. 
Let us now estimate the ff*-norm of Fosc{W{t),t) for s > 1. 

J — oo 



J — oo 

< \\\W?W\\\ < IIIM^PW^II^.(M) < llT^llf^. 



Therefore, 

We proceed similarly for D^FosdW if)^^) ' frcs{W). First, we notice that 



J'{DwFo,,{W,t) ■ Aes(VF))(0 =2 H\W?fUW)mM<o 

24 



-2itg _ 1 

+ ^7 ^(VF'/res(VF))(Ol«<0. 

25 
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|2 



We use in what follows the fact that /rcs(W^) = n_|_(|T4^| VF), which is a consequence of 
equation (I2.7P and of G L^(]R). We estimate the L^-norm, using Parseval's identity: 

2Tr\\DwF,,,{W,t) ■ /rcs(VF)|li2(K) = \\J'{DwF,,,{W,t) ■ fUW)){mh(,R) 

„;„2 



<c I "-^^\T{\w\-'fuwmrd^ 

-oo S 
rO „• 2/ 



J — oo s 

< c[\\n\Wffr.siW)\\Uu) + II-^(^'H^)|Il^(m)) "^^d^ 

< C{\\\W\'Us{W)\\l^^) + \\w'Usiw)\\l^^M / '—^dx 



< C*ll^lli4(K)ll/res(W)|li2(K) < Ct\\W\\%^^^\\U+{\W\^W)\\l,^ 



Then, proceeding as in the case of -Fosc(^) and using the structure of an algebra of H^, 
s > 1, we have that 

<G||W^llH^(M)ll/resWII^.(M) 

Therefore, for s > 1 we have 

\\DwFosc{W,t) ■ U,{W)\\hs^r) < C.t'^^ + C\\W\fHsiRy 

□ 

2.4. Proof of Theorem [ll3l 

Proof of Theorem \1.3[ Let v be the solution of equation (II. 7p . With the change of variables 
u{t) = ^e*l'^l*f (t), we have that u satisfies the equation p.lOp . By the Duhamel formula, 
it follows that 

(2.13) u{t) = Wo + e'^ [ f{u{s),s)ds, 







Set ■w{t) := u{t) — napp(t), where Uapp is defined by (j2.9p . By equations (|2.13p and (|2.1ip . 
we have that 



w{t)=e'' {fiu{s),s)- fiu.,pp{s),s))ds- ReiWis),s)ds 
Jo Jo 

=£2^ {f{u{s),s)-fiu,pp{s),s))ds-e^l^ (^f{W{s),s)-fiu,ppis),s))ds 

- f DwF^,,{W{s),s) ■ f,os{W{s))ds = I + II + III. 
Jo 

Here W denotes the solution of the renormalization group equation (jl.lip . In what follows, 
we estimate each of the terms I, II, III in the i?*-norm, s > 1/2. Using the definition of Uapp 
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2.9p . and the estimates in Lemma 12.21 it follows that 



app 



\h^ < \\W\\Hs+£^\\F^sc(w,t)\\H^ < \\W\\h^ + e^Cj^/^ + e''C\\WfHs. 
Then, we have 

m\H'<e' /'Vwk=(||^x(T)||2,. + ||napp(r)||2,.)tfr 
Jo 

<Ce^ [ \\w{T)\\H^{\\w{T)\\h + \Kpp{r)\\ls)d^ 
Jo 

< Ce^ f \\w{t)\\hs {\\w{t)\\Is + \\W\\ls + e^C^t + e^C\\W\\%s)dT. 
Jo 

Using W{s) — Uapp(s) = — e^Fosc(M^(s), s), and proceeding as above, we obtain 
||n||H» < e'^*ll^osc(i, W^(t))||L°°([o,i],H'=)(l|W^lli°o([o,t],H'') + \\'^a.vp\\\°-{[o,t],H^)) 

and 

||III||h» <ae^t(t^/' + ||VF|lioo([o,i],H»)). 

In order to estimate w we will use a bootstrap argument. Let 0<a<^,(^>0 small 
enough, and set 

(2.14) T:=s\\Y>\t>Q\\w{t)\\H^<iy 

We will prove that T > \ [ log(-j-) I . Suppose by contradiction that 



1 / 1 Nl-2a 

(2.15) r<^(log(^)) . 

According to the hypothesis on W and since W = eW ^ we have that ||W^(i)||_H''i(R) < 
C^log(^)^ for all t € M. Using the estimates of I, II, III, we obtain for < t < 

^(^log(^)j that 

\\wmns <Ce^ f \\w{T)\\Hs{l + \\W\\%s+e''C,T + e''C\\W\\%s)dT 
Jo 

+ C,eH{t^'^ + \\WfHs){\\W\\ls + eH + e^\\W\\%s) + C,eH{t^/^ + Wf^s) 

„/ 1 \2a /■* / 1 N§(l-2a)/ 1 \ 2« 

<Ce\\og{^)) \\nj{r)\\HsdT + C.e{\og{^)y (log(^)) 



+ CM iog(^ 



1 N |(1"2q) 



/ \l~2a 

By Gronwall's inequality it follows, for < t < ^( log(p-) ) , that 



lk(t)k» <ae(iog(^))' V°s(*)<ae(iog(^))' "^<ae^-^°^ 

If 6 is sufficiently small, this bound is much better than the one imposed in the definition 
of T. Since w is continuous with respect to t, it follows that there exists 7 > such that 

\\w{i)\\H^ < 1, 
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for < t < ^( log(^) j + 7. This contradicts the assumption (I2.15P we made on 
T. Therefore, T > ^^log(^)^ and, moreover, ||'u;(t)||/^-s < £^~'^oS f^j. all < t < 
^(log(^)j .This yields 

\\u{t) - W{t)-e^Fosc{W{t),t)\\Hs(M) < C.e^-^'^ 
for all < t < ^( log(-j-) I . Since by Lemma 12.21 we have that 



|e2Fosc(W^(t),t)IU.m) <e'(C'.ti/' + C||W^||?,0 <aeffog(^))'^' < Ce^^^'^ 



/ Nl-2a 

for < t < ^( log(^)j , we obtain 

\\u{t)-w{t)ys^^)<ae'-^<^'. 

Recalling that u{t) = ie*l-^'*t'(t) and W = ^W, we obtain that 
(2.16) \\vit) - e-'l^l*W(t)||j,.(K) < 

forO<t<4 log(4) . □ 



2.5. Proof of Corollary [Uni 

Proof of Corollary \1.6l Let W be the solution of the equation 

( idtW = e^U+{\W\'^W) 
\W{0) = Wq. 

With the change of variables W{t, x) = y{£^t^ x), we have that y satisfies the Szego equation: 

Udty = n+(|y|2y) 
\y(0) = Wo. 

Then, according to Proposition 11.5^ we have that ||y(i)||_H's(]8) ~ for all s > ^ and for 

t > 1 sufficiently large. Consequently, we have 

\\W{t)\\Hsm-{e^tr-' 



1 , , 1 



for e^t sufficiently large. Suppose 2F'^log(^)^ <t < p-^log(^)^ *° \ Then, 

, 2s-l 2s-l 
C /, ,i,\4s_l /J- 



(2.17) __(^log(_)j-^ < \\W{t)\\H^^n) < C[log{^s 
Applying Theorem 11.31 with a = G (Oi 5)1 we obtain that 

(2.18) \\vit) - e-'^^'hWit) IIhs(k) < Ce''-^^', 

1 

for < t < ^(log(^)) Then, equations (121711 and ([2T8]l yield 

eW^(t)lk^-|b(t)-e-^l^l*eW(t)||^^. 

> ^Klog(^))^ > ^<log(^)' ^^"^ 
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Since v{0) = eWq, it follows that, for ^ ( log(^) I ' < ^ < ^ ( log(4) ) \ we have 



1 i_ 

■is-l , , , 1 / 1 / 1 \\ 4s — 1 



HO)\\h 



□ 



3. First order approximation for the (|NLWp equation on T 

3.1. The renormalization group equation for the case of T. We decompose a 27r- 
periodic function a{t) in the following way: 

(3.1) a{t) 
where 

(3.2) Ores 

is the mean of the function a{t) or equivalently, the Fourier coefficient at zero. The oscil- 
latory part is then 

(3.3) aosc{t) = Y,^ik)e''\ 

With this decomposition, we notice that for the torus, the resonant and non-resonant part 
of the nonlinearity are the following: 



- Ores ~l~ '^osc(^)) 
1 f'^'^ 



oo 

fres{u,x) = -i Yl ^'^'^ 


Y u{j)u{l)u{m), 


k=—oo 


k—l+m—j=0 


h 


ic|-|«| + |m|-|i|=0 


oo 

fosc{u,s,x) = -i Yl ^'^'^ 


Y e^"(l*^'-l'l+'™'-|j'')n(j)n(/)S(m) 


fc=— oo 


k—l+m—j=0 


h 


k\-\l\ + \m\-\j\^0 



A slight difference with the case of R is the definition of -Fosc(^) t): 

Fosciu, t, X) := 5: ^ .(|fc| - |/| + H - |j|) 

k — — oo k — /~|~77T( — J — 

\k\-\l\ + \m\-\j\^G 

whereas for M, we had Fosc{u,t) = /osc('u, •s)(is. Notice that in both cases we have that 
^^('u,t, x) = /osc('t*) ^5 2;)- 

As it was shown in [10], the following lemma holds: 

Lemma 3.1. We have that k — I + m — j = and \k\ — \l\ + \m\ — \j\ = if and only if we 
are in one of the following cases: 

(i) lfk>0 and {/, m, j > 0} U {k = 1} U {k = j} 

(ii) lfk = and {l,m,j > 0} U {l,m,j < 0} 

(iii) lfk<0 and {l,m,j < 0} U {k = 1} U {k = j}. 



18 
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We decompose the region where k — I + m — j = and \k\ — \l\ + \m\ — \j\ = into disjoint 
sub-regions, and we compute the Fourier transform of the resonant part frcsiu). We obtain 
the following ten terms: 

1. The case k,l,m,j > 0: 

-i X] u{j)u{^)u{m) = -iT{U+{\u+fu+)){k)lk>o. 

k—l+m—j=0 
k,l,m,j>0 

2. The case k > 0, k = I, m = j < 0: 



-1 



u{j)u{l)u{m) = -iu{k)lk>o ^ \u{j)\'^ = -i\\u-\\l2U+{k)lk>o. 



l=k>0 j=~oo 
m=j<0 



3. The case k>0, k = j,m = l<0. We obtain as above — ||^2'i+(^)lfc>o- 

4. The case k = and l,m,j < 0: 

— i u{j)u{l)u{'m) = —iT[\u^\^u^){0). 



-l+m—j=0 
l,m,j<0 



5. The case k,l,m,j < 0: 



u{j)u{l)u{m) = -iT{U_{\u.\\.)){k)lk<o- 

k—l+m—j=0 
k,l,m,j<0 

6. The case A: < 0, / = 0, j < 0, m < 0: 



-1 

-i X] u{j)u{l)u{m) = -i'u(0)lfc<o ^ u{j)u{j - k) 

k+m-j=0,l=0, j=k-l 
k,m,j<0 

= -m(0)^(n_|n_|2))(fc)lfc<o. 

7. The case /c < 0, j = 0, / < 0, m < 0. We obtain as above — m(0)J^(n_|u_p))(A;)lfc<o. 

8. The case /c < 0, m = 0, / < 0, j < 0: 

-1 

A;— j=0,m=0, j=k—l 
k,l,j<0 

= -m{0)T{ul)ik)lk<o- 

9. The case k < 0, k = I, m = j > 0: 



X ^{j)^Q')u{m) = -m{k)lk<o'Y\u{j)\^ = -i\\u+\\\2U-{k)l 



k<0- 



k=l<0, j=0 
m=j>0 



10. The case k < 0, k = j, I = m > 0. We obtain as above — i|ln+||^2^^-(^)lfc<o- 
Thus, the resonant part of the nonlinear ity is 

(3.4) fres{u,x) = - iU+{\u+\\+) - 2i\\u^\\l2U+ - iT {\u_\'^u^) (0) 

- m_(|u_|^u_) - 2m(0)n_(|ii_p) - ia{0)u'i - 2i\\u+\\l2U-. 
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Lemma 3.2. Let s > ^ and Wq € i7^(T). We consider the renormalization group equation: 
(3.5) 



dtu = e^/rcs('w) 
u{0) = Wo 



This equation has a unique global solution in H^(T) which coincides with W € C(M, H^(T)), 
the solution of the following equation 



(3.6) 



(idtW = e^U+{\W\^W) 
\WiO) = Wo 



In particular, U-.{t) = for all t € M. 

Proof. We first notice that /res : H^{T) if^(T), s > |, defined in equation p.4p is a 
locally Lipscliitz mapping. Indeed, one can prove using the structure of algebra of H^{T), 
that 



,iu) - fTcsiv)\\H'' < \\U - v\\H''{\\u\\jjs + \\v\ 



for all u^v ^ i7*(T). Then, by the Cauchy-Lipschitz theorem it follows that equation (j3.5p 
has an unique solution in iJ*(T). 

With the change of variables W{t,x) = y{e'^t,x), we obtain from equation (13. 6p that 
y satisfies the Szego equation (II. 4p . The Szego equation has a unique global solution 
supported on non-negative frequencies. Thus W is unique and satisfies W-{t) = for all 
i G M. The only term in the expression of frcsiu) (j3.4p . which does not contain n_ is 
-^(1^+12^+). Therefore we immediately notice that the solution of the equation (j3.6p is 
also the solution of the equation (j3.5p . □ 



3.2. Estimates for the oscillatory part of the nonlinearity in the case of T. To 

re-prove Theorem 11.21 we apply exactly the same method used in the proof of Theorem 11.31 
The only changes that appear are in the estimate of FQsciW{t),t). We show that on T we 
obtain a better estimate than on M. 

Lemma 3.3. Let s > \. For all W G -ff+(T), we have that 

\\DwFosc{W,t) ■ f,,,{W)\\Hs(T) <Cs\\W\\]j.^jy 

where Cg is a constant depending only on s. 
Proof. The Fourier coefficients of FosciW,t) are: 

Jt{\k\~\l\ + \m.Hj\) ^ ^ _ 

k-l+m-j=0, ^' ' I I ' I I \J\J 
\k\-\l\ + \m\-\j\^0 
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Setting Wfc := W{k) for all A; G Z, and using the convexity of the function |x|° if a > 1, we 
have that 

Jt{\k\-\l\ + \m\-\j\) 

|fc|-|«| + |m|-bVO 
fcSZ k=l—m+j 

<E(i + i^i')' E \WjWiWm\ E i^A^-i 

fceZ k=l-m+j k=i_fn+j 

<E(1+I^P)' E I^J^^^mW^jW^W^ml 

fcGZ k=l—m+i, 
k=l—rh+j 

Z— m+m+j— j=0 

< E (1 + + b^l' + bf + 3(KT + Imp + lil'))'^/' 

Z— m+m+j— j=0 

<9 E [{l + \l?) + {l + \m\^) + {l + \j?)r'^ 

l—l—m+rh+j—j=0 

X [(1 + l/f) + (1 + + (1 + |jTr/'|^^il|W^z||t^rn||W^j||W^H|W-^| 

<C, E [(1 + lf )^/' + (l + |m|2)^/2 + (l + |j|2)-/2] 

Z— /— m+m+j— j=0 

X [(1 + + (1 + |^|2)^/2 + (1 + 

<Cs E (l+lil')'^'l^ill^^dl^m|(l + |jT)'/'l^jll^^[l|Vf^m|+ Similar terms 



We consider the functions V* = Y^jei^^^'^^j ^"^^ U* = Y.jez^''''^^* , where 

V*:=\Wj\ 

u;:={i + \j\'r^'m. 

Ignoring the other terms in the above sum, which can be treated in a similar manner as 
the term we keep, and using the Sobolev embedding H'^{T) C L°°(T) if s > 1/2, we obtain 



l—l—m+rh+j—j=0 



* l|4 

L°°(T) 



< Cs J^\U*\^\V*\Uz < Cs\\u* wl^^j^wv 

< Cs\\U* \\\2(J)\\V* Wjjs (J^ < Cs\\V*\\jjs(J'^\\V*\\jjs(J'^ < C'sll^^ll^s(T)) 

where Cs denotes a constant depending on s. 
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The second estimate in the statement, 

|5 



can be proved similarly. □ 



3.3. Proof of Theorem [TT2I By the hypothesis we have that < C(^log(^) 

Using the definition of u^pp (12. 9p . and Lemma 13. 3|, we obtain that ||'Uapp(i)llii'^ — 
c(log{\)] . Proceeding as in the proof of Theorem 11.31 we obtain for < t < 



4iog(ii-2" 



<c(log(^))'V^Vwik^rf^ + C^'(log(^))'"i. 
This yields, by Gronwall's inequality, that for < t < log(-^) I we have 



||Mt)ll«.<Ce*(log(-L))^e'^n'-'^'J 

where Co > 0. Since w{t) = u{t) - W(t) - e"^ Fosc{W {t) , t) and 
\\Fosc(.W{t),t)\\Hs < c(log(^)) it follows that 

\\u{t) - Wmn^m < Ce^"'''' if < t < l(log(l))'^'". 
Then, the changes of variables v{t) = ee*l^l*n(t) and W = eW yield the conclusion 
\\v{t) - e-'\^\'W{t)ys^j) < Ce^-^<^' if < t < l(log(l))'"'°. 

4. Second order approximation for the (jNLWp equation on T 

4.1. The averaging method at order two. As before, in the (|NLWp equation with 
initial condition v{0) = Wo = eWq, we make the change of variables u{t) = ie*l^l*w(t). 
Then u satisfies the equation: 

(dtu = -ie2e^l^l*(|e-^l^l*n|2e-^l^l*u) =: f{u,t) 
\u{0) = Wo. 

The averaging method at order two introduced by Temam and Wirosoetisno in |24] , consists 
in considering the following averaging ansatz: 

(4.1) napp(t) = W{t) + e^Ni{W,t) + e^N2{W,t) =: N{W,t,e), 

where Vl^ is a solution of the following averaged equation: 

(dtW = e^Ri{W) + e^R2{W) =: R{W,e) 



(4.2) 



W{0) = Wo 



The use of these notations is explained by the fact that Ri,R2 turn out to be resonant 
terms, while Ni,N2 are non-resonant (oscillatory) terms. 
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A formal computation then shows that 

dN{W,t,e) ,,,,,,, , dW ON , 

={e^N[{W,t)+e*N'^{W,t)) • {e'' Ri{W) + R^iW)) + ^ 

=e\R,{W) + ^-^{W,t) 

+ e^[R2{W) + N[{W,t) ■ Ri{W) + ^{W,t)) + 0{e'). 
We now formally Taylor-expand /(uapp(t),t) around W{t), 

f{u,pp, t) = f{W, t) + f'{W, t) ■ (uapp -W) + O(e^) 

= f{W, t) + e^f'iW, t) ■ Ni{W, t) + 0{e^). 

We replace the two expansions into the equation 

dtu^pp = e^f{u^pp,t) + 0{e^) 

in order to determine Ri, R2, Ni, N2 which yield an approximate solution. Identifying the 
coefficients according to the powers of e, we obtain the equations 

(4.3) R,^w) + ^iW,t)=f{W,t) 

(4.4) R2{W) + N[{W, t) ■ R^{W) + ^{W, t) =f'{W, t) ■ Ni{W, t) 

Thus, Ri is the part of f(W,t) which does not explicitly depend on t. According to the 
decomposition given in equations (13. Ij) . (13. 2p . and (13. 3j) . we have: 



Ri{W) = fresiW) and Ni{W, t) = F^sdW, t). 
Then, from the second equation we have: 

(4.5) R2{W) ={f'{W,t) ■ Ni{W,t)U, - {N[{W,t) ■ Ri{W)Us 

-Qfi^^t) ={f{W,t) ■ Ni{W,t)}osc - {N[{W,t) ■ Ri{W)Uc- 

Replacing Ri,Ni and noticing that Fl^g^{W,t) ■ /res(W^) does not have a resonant part, we 
obtain: 

(4.6) R2{W) ={nW, t) ■ FosciW, t)}re. - {FUW, t) ■ fUW)}res 

res 

'-{W,t) ={f'{W,t) ■ Fosc(VF,t)}osc - i^oscW*) • frcsiW). 



dN2 



dt 

We set 'w{t) := u{t) — napp(t). In what follows, we determined a simplified version of the 
equation satisfied by w. First, by the definition of Uapp (14. ip . we have that w satisfies: 

I w{0) = 
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We consider the following Taylor expansion of f{u) around W: 
f{u, t) =f{w + napp) = f{w + W + e^Ni + e^N2,t) 
=f{W, t) + f'{W, t)-{w + e^Ni + e^N2) 

+ / f"ia{w + e'^Ni + £^N2) + W)-{w + e'^Ni + e^iVs) 
Jo 

® (u; + e^Ni + e'^iV2)(l - a)da. 



Replacing this into the equation of w and using the equation ()4.2p . we obtain that 
^ =e'f{W, t) + e^f'iW, t)-{w + + e'N^) 

+ [ f"{a{w + e^Ni + e^iVa) + W)-{w + e'^Ni + e^iVa) 
Jo 

(g) + e^Ni + e^iV2)(l - a)da 
- e^RiiW) - e^R2{W) - e^^{W,t) - £^N[{W,t) ■ (e^RiiW) + e^R2{W)) 

-e^^{W,t)-e^N^{W,t)-{e^Ri{W) + e''R2{W)). 



By the equations (j4.3p . it follows that 
^=e^f'iW,t).{w + e'N2) 

+ £2 /" f\a{w + e^Ni + e^iVa) + W)-{w + e^Ni + e^iVa) 

^0 

(g) (if; + e^A^i + e^A^2)(l - a)da 
- e^N[{W,t) ■ R2{W) - e^N^{W,t) ■ {e^Ri{W) + e'^R2{W)). 
Integrating from to t, we then obtain that 

(4.7) w{t)=e^ [ f'{W,T)-w{T)dT + e^ [ f'{W,T) ■ N2{W,T)dT 
Jo Jo 

-e^ [ N[(W,T)-R2{W)dT-e^ [ N2iW,T) ■ {e'^Ri(W) + e^R2(W))dT 
Jo Jo 

+ e'^ [ [ f"{a{w + e^Ni + e^A^a) + W)-{w + e'^Ni + e*N2) 

®{w + e^Ni + e'^N2){l - a)dadT. 



JO 



4.2. Study of the second order averaged equation in the case of T. Let Wq G 
H^(T), s > 1/2. We consider the averaged equation 

jdtW = e'^RiiW) + e^R2{W) 

\W{0) = Wq. 

Since we already computed Ri and R2, we can rewrite this equation as: 

(dtW = e^UsiW) + e^ifiW, t) ■ FosciW, t)U, 
\W{0) = Wq. 
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Setting W = eW, we have that W satisfies the equation: 

idtW = Aes(W) + {f'{W,t) ■ Fosc(>V,i)}r 

\wiO) = eWo =: Wq. 



(4.8) 



Lemma 4.1. Xei s > ^. The problem (|4.8p is locally well-posed in H^{T) at least on a 
time-interval [0, where C > 0. 



Proof. We first estimate the two terms on the right hand-side of equation (|4.8p . By equation 
(I3.4p . we have that 

Pi(>V)||h=(t) = WfrUminHT) < C\m%s^jy 
Then, we explicitly write the Fourier coefficients of {/'(W, t) ■ Fosc(W) i)}res- Since we have 
J^{f{W)){k) = -i e^*(l^^l-l'l+l™l-l^'l)W(j)W(OW(m), 

k—l+m,—j=0 

it follows that 
(4.9) 

T(f'{W)-Fosc{W,t)){k) 



-2i e^*(l^-|~l'l+l™l-|j'l)Fo^r0^t)(j)W(OW(m) 

k—l+'m—j=0 



-i Y e^*(l'=l"l'l+H-|j|)vv;(j)vv;(Z)Fosc(W)(m) 

k~l+m~-j=0 

— |n| + |p| — 

= 2i Yl e^*(|fchl'l+H-b1) /^^ W(n)W(g)W(p)W(OW(m) 

J— n+p— g=0 
|i|-Inl + |p|-|g|5^0 

p— ji(|m| — |n| + |p| — 

+ ^ Y e-^(l^l-l'l+H-b1)vi;(j)vi;ffl _ _ n;(n)W(g)W(p). 

n+p— <?=0 
m| — |n| + |p| — |g|5^0 

Then, i?2(W), the resonant part of /'(W, t)-Fosc(W, t), has the following Fourier coefficients: 
(4.10) 

J'{R2{W)) =J-({/(W) • Fosc(W,t)}rcs)(^) 

=2i V W(n)W(g)>^(p)W(0>^(m) 

|j|-|n| + |p|-|g|5^0 
|fc|-|«| + |m|-|n| + |p|-|g|=0 

+ ^ Y II I lii I I | W(j)w(0>^H>^(g)>v(p) 

m— n+p— 5=0 
|m|-|n| + |p|-|g|^0 

|fe|-l'l-b1+l"l-bl+kl=o 
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Noticing that 



\T[{f'{W) ■ FosciW, t)}rc.) {k)\<2 Yl |W(n)W(g)yV(p)W(OW(m)| 

k—l+m—n+p—q=0 

+ E mj)^il)Mn)W{q)W{p)\, 

k—l—j+n—p+q=0 

and proceeding as in the proof of Lemma 13.31 we obtain 

(4.11) ||i?2(W)|U.(T) = ||{/'(W) • Fosc(W,t)}rcs|k^ < C || W (t) • 

We use a standard fixed point argument to prove that equation (|4.8p is locally well-posed. 
Define 

AW{t) :=W(0)+ f frcs(W{T))dT + [\f'{W{T),T)-Fosc{W{T),T)UsdT. 

Jo Jo 
We intend to show that there is T = ^ such that A is a contraction of the ball 

B{R) = {w € Ci[0,T],H')\\\Wh^^[o,T],H^iT)) < R}, 

where R = 2\\Wo\\}{s(j-^ = 2e|| Woll_ff»(T)- First we notice that A acts on the ball B{R). 
Indeed, let W e B{R). Then, 

\\AW\\l^^[0,T],H^T)) < l|W(0)||//s(Tr) + r||/rcs(W(r))||ioo([o_T],//»(T)) 

+ r||{/'(W(r),r) •Fosc(W(r),r)}res||L-([0,T],//^(T)) 

< mmH^m + CT||>V||f,.(Tr)(l + llWlli.(Tr)) 

< I + cri?3(i + i?2). 

Choosing T = 2CR^{i+ii^) - F'' obtain ||^W||2,oo([o,T],/f»(T)) < and thus 

AW € B{R). The fact that ^4 is a contraction follows similarly. Therefore, there exists a 

unique solution of equation (j4.8p in B{R). □ 

Proposition 4.2. Zei VFq G i7^(T), s > 1/2. T/ie solution of the Cauchy problem 

\dtW = /res(W) + {/'(W,t) • Fosc(W,t)}res 

\w(0) = eW^o=:Wo, 
coincides with the solution of the following Cauchy problem: 

idty = -iu+m'y) - iii+{\y\'i^u.{\y\^y)) - ^u+{y^^u^i\y\^y)) 

\y{0) = eWo =: Wo 
on its maximal interval of existence. 



(4.12) 



Proof. First we make the observation that we can easily prove local well-posedness of equa- 
tion (j4.12p in H^{T), s > ^ on a time interval [0, p-], following the lines of the proof of 
Lemma |4.1[ Notice that 3^ G L^(T). Therefore 3^-(i) = 0, for all t in the maximal interval 
of existence of y. 

In the following we prove that the only terms that do not contain W- and thus, 
contain onl y W+ in {f'iW ,t) ■ F,,,{W,t)},,, are -n+(|W+|2-In_(|W+|2W+)) and 

— ^n_|_(W^-^n_(|W-|-pyV4.)). since all the other terms contain at least one factor W_, 
it results that the y{t) = y+(t) is also solution for equation (j4.8p . By Lemma HTT| we have 
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uniqueness of the solution of equation (j4.8p . Thus, y is the unique solution of equation 

(jlSl). 

It is thus sufficient to determine the terms of {/'(W, • -f^osc(W, t)}rcs which do not 
contain W_ . Let us consider the first term of the Fourier coefficient in equation ()4.f0p : 



2i y ^ n ^W(n)W(g)W(p)W(/)W(m) 

,_,+r-,=o bl-H + H-M 

j—n+p—q=0 
\j\-\n\ + \p\-\q\jtO 
|feh|/| + |m|-[n| + |phk|=0 



The first condition we have for the above sum is that |j | — |n| + \p\ — \q\ ^ 0. As we noticed in 
Lemma l3.f I it follows that j,n,p,q cannot be simultaneously non-positive or non-negative, 

j 7^ n, and j ^ q. Since in the above expression we have the factor yV{n)yV{q)yV{p), it 
follows that if we only want to have VV+, then the only possibility is p, n, g > and j < 0. 
In particular, this also satisfies j ^ n and j ^ q. 

The second condition we have for the above sum is \k\ — \l\ + \m\ — \n\ + \p\ — \q\ = 0. As 
a consequence, this yields \k\ — \l\ + \m\ — \j\ = — (|j| — |n| -|- \p\ — \q\) ^ 0. Thus, k,l,m,j 
cannot be simultaneously non-positive or non- negative, k ^ I, and k ^ j. Since in the 

above sum we see appear the product W{l)W{ni), if we only want to have W+, it follows 
that we have two choices: 



(i) k,l,m > 0; j < and k I, 

(ii) A; < 0;/,m > 0;j < 0. 



Note that if k, I, m > 0,j < and if k = I, then k — l + m — n = yields m = j, which 
contradicts the fact that m and j have different signs. Thus, the condition k ^ I in (i) is 
redundant. 

We compute \k\ — \l\ + \m\ — \n\ + \p\ — \q\ for the second case (ii): 

\k\ — \l \ + \m\ — \n\ + \p\ — \q\ = —k — I + m — n + p — q 

= -2k + {k-l + m-j) + {j-n + p-q) = -2k < 0. 



This contradicts the condition — |/| -|- |m| — |n| -1- |p| — \q\ = 0, and thus the case (ii) does 
not take place. 

In the case (i), we have 

1^1 ~ I'l + k'^l ~ l^-l + \p\ ~ \q\ — k — l + m — n+p — q 

= {k — I + m — j) + (j — n + p — q) = 0. 



Moreover, 



\j\ - \n\ + \p\ - \q\ = -j - n + p - q = -2j + {j-n + p-q) = -2j = -2{n -p + q). 
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Thus the only possible choice if we want to obtain terms that do not contain is the 
following: 



2i -2(n- yW(f^)VV(g)VV(p)VV(OW("^) 



k—l+m—n+p—g=0 
n—p+q<0 
k,l,m,n,p,q>0 



-I 



-F(^-^n„(|wpw))(n-p + g)vy(/)yv(m) 



k—l+m—{n—p+q)=0 
n—p+q<0 
k,l,m,n,p,q>0 



n(|wpln„(|wpw)))(fc). 



Proceeding similarly with the second resonant part in equation (I4.10p . which is equal to 

m—n+p—q={) 
\m\-\n\ + \p\-\q\^0 
\k\~\l\-\j\ + \n\-\p\+\q\=0 

we obtain that it contains only one term in which W- does not appear, which is 

- ^ J- (n+ ( in_(|w|2>v)) ){k). 

Therefore, the conclusion of the proposition follows. □ 
Proposition 4.3. Let s > i 0<a< i, and (5 > small enough. Consider the equations 



( dtY = -ie^U+{\Y\^Y) - ie^U+{\Y\^n^{\Y\^Y)) - '^U+{Y^U^{\Y\^Y)) 
[Y{0) = Wo 

and 

j dtU = -ie^U+{\U\'^U) 



(4.13) 



U{0) = Wo. 

l-2a 



Assume that \\U{t)\\H- < C(|log(^))" for all t £ M. Then, for < t < ^(^log(^ 
we have that 

\\Y{t)-UmHs<e'-'''^', 

where Cq > is a constant and 6 is chosen small enough such that CqS < 1. In particular, 
\\Y{t)\\Hs<c(log{^)] 



Proof. Set Z := Y — U. Then Z satisfies the equation 

'dtZ = -ie^(u+{\Y\^Y) - n+(|[/|2c/)) - ie4n+(|y|2^n_(|y|2y)) 



^n+(y2in_(|y|2y)) 



2 D 

Z(0) = 0. 
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We set also 

h{U) : = -m+{\UfU) 

g{u) : = -in+(|c/|2ln_(jc/p[/)) - ln+(c/2-in„(|c/|2f/)). 

Then, we have 

Z{t) = 1^ {h{Y{T)) - h{U{T))) dr + g{Y{T))dT. 

Using the boundedness of the operators 11+ and -^n„ on H^{T), and proceeding as in the 
proof of Theorem 11.31 we obtain that 

||^(t)lk»(T)<£'(log(^)) Cyj|Z(r)||dr + e4(log(^)) Ct. 
By Gronwah's inequahty, it fohows that for < t < -j( log (-3-) I we have 



\\Z(t)\\R^iJ) <e'-^"^ 

where Cq > is a constant. □ 

4.3. Proof of Theorem [TTl 

Lemma 4.4. For W G H^{T) we have that 

\\nw,t)\\ <c\\w\\i., 

\\f"iW,t)\\ <C||M^||^^.. 

where \\ ■ \\ denotes the operator norm of a bounded linear operator acting on H'^{T). In 
addition, the following applications are continuous and N -linear on H^{T): 

(1) W ^ N2{W, t) with N = 5, 

(2) W ^ f'{W,t)-R2{W), W ^ N[{W,t)-R2{W), W ^ N^{W,t) ■ Ri{W) with N = 7, 

(3) W ^ mw,t) ■ R2{W) with N = 9. 

In particular, if \\W\\fjs(j^ < ^log(p-)^ , then their II^{T)-norms are all bounded by 

, \ 9a 
log(^) 



Proof. The proof follows the same lines as that of Lemma 13.31 □ 

Proof of Theorem \1.7\ By Lemma 14.21 we have that the solution of the averaged equation 
(j4.8p is W(t) = y{t). By hypothesis, we have that the solution of equation (|4.13p sat- 
isfies \\U{t)\\Hs(T) < c(^log{j^)y Then, by Lemma [Ol it follows that ||W^(t)|U»(T) = 

||y(t)||//s(f) < C^log(^)^ . Using the estimates of Lemma it follows from equation 
(jiTTll . that 



\w{ 



/ 1 \ 2a / 1 \ 9a 

t)lk^(T) <^%log(^)) Cyjmr)|U.(Tr)dr + e6(^log(^)) Ct, 
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/ Nl-2a 

for < t < -3- 1 log(-j-) I . Then, by Gronwall's inequality we obtain 



kWk^m <e^(log(^)j Cte 



where Cq > 0. Thus, \\u{t) - W{t) - e'^Ni{W,t) - e'^N2{W,t)\\Hs < e^"^'"' for < t < 
'log(^))'"'". Since \\N2{W,t)\\Hsij~) < c(log(^))'", this yields 

Mt) - W{t)-e^Fosc{W,t)\\Hs^T) = \\u{t) - W{t)-e^Ni{W,t)\\HsiT) < e^-^°^. 

Changing back to the variables v = ee~*l^l*M and W = eW, the conclusion of the theorem 
follows: 

ll^(t) _e-l^l*(>V(t) +Fosc(>V,i))IUnT) = Mt) - W{t)-e^Ni{W,t)\\HHT) < 

□ 
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